Chapter 1

Introduction

The TWIST collaboration’s final direct measurement of P7 ¢ will be described, where PJ is
the polarisation of the muon from pion decay, and £ describes the asymmetry of the positrons
from muon decay. This measurement is a high precision test of the standard model of particle
physics.

The current chapter will describe the physics under investigation and previous measure-
ments of P &. Chapter 2 describes the delivery of muons, the time expansion chambers that
measured the muon beam, and the low mass spectrometer used to measure the positrons.
Chapter 3 describes the analysis that identified particles and reconstructed their trajecto-
ries. Chapter 4 is restricted to the analysis of the time expansion chambers, and this can
be skipped by a hurried reader. The detailed simulation of the particles and spectrometer
is covered in Chapter 5. A subsidiary pu*SR experiment to determine P,(t) is described in
Chapter 6; this was part of the author’s thesis proposal, but can be skipped since its results
were uncompetitive with those from the TWIST detector. Chapter 7 describes the data
accumulated in 2006 and 2007 that were analysed for this measurement. The uncertainties
that dominated the P ¢ measurement are described in Section 8. Lastly, the results and
their physics implication are considered in Chapter 9.

Appendix A details the author’s personal contributions to the experiment.

1.1 Standard model of particle physics

The standard model (SM) describes the fundamental particles that make up all matter, and
the interactions between these particles. The model is very successful, but has known defi-
ciencies; an extension is needed to accomodate neutrino oscillations, gravity is not included,
and the fundamental interactions are not unified under a common symmetry. The model
uses arbitrary parameters (masses, couplings, mixing angles, etc.) that must be measured,
rather than being predicted by the SM itself[1].

In the SM, all matter is composed of fundamental spin-1/2 particles' called fermions.

There are six leptons, which exist as free particles, and six quarks, which have not been

1Spin is an intrinsic propery, such as mass or charge. More detail will be given in Section 1.2.
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observed as free particles. They are grouped into three generations (I, II, III) of increasing
mass scale; Table 1.1 lists the particles and their charges. The leptons are the electron (e™),
muon (p~), and tauon (77), all with charge (—e), and their associated neutrinos that have
no electric charge. The quark flavours are up (u), down (d), charm (c), strange (s), top (¢)
and bottom (b), and in each generation there is a quark of charge (—I—%e) and (—%e). Quarks
have an extra degree of freedom, “colour charge”, which can be red, green or blue. For each
fermion there is an associated anti-particle with the same mass but opposite charge and spin.

Anti-particles are denoted by their opposite charge (e.g. u™) or a bar (e.g. 7,,).

Table 1.1: Fundamental fermions in the SM, in
generations of increasing mass scale[l].

Particle Generation Q/le|

I II I11

e wo T -1
leptons v, " v 0

u c t +2/3
quarks d 5 b 13

The SM describes three of the four fundamental interactions between fermions, which
are mediated by particles of integral spin, the bosons. The strong interaction binds quarks,
and is mediated by spin-1 massless gluons that also carry a colour charge; the interactions
are described by quantum chromodynamics (QCD). Leptons do not carry colour, and are
therefore unaffected by the strong interaction. The electromagnetic interaction is mediated
by massless photon exchange, and both quarks and charged leptons can interact. The weak
interaction is mediated by three massive charged bosons, the W* and Z,, each with a mass
of order 100 protons. Gravity is not included in the SM, but is supposedly mediated by a
spin-2 boson called the graviton. Relative to the strong interaction, the strength of the forces
between two protons are 1072 for electromagnetic, 1077 for weak, and 1073 for gravity[1].

The charged weak interaction (WI) can convert charged leptons into neutral leptons,
and vice-versa, but only within a single generation. The WI can convert quarks between
generations, by defining WI eigenstates that are a mixture of mass eigenstates. The mixing
is then characterised by the Cabbibo-Kobayashi-Maskawa (CKM) matrix, Vg, defined by

d/ d Vud vus vub d
sl = Vexm | s | = Ve Ves Vo s (1.1)
b/ b ‘/td ‘/ts ‘/tb
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where (d', s',0') are the WI eigenstates and (d, s, b) are the mass eigenstates. The elements
of Vokwm are determined experimentally, and is found to be close to diagonal with the latest

values|[2]

0.97419 £ 0.00022  0.2257 4 0.0010  0.00359 = 0.00016
Vekm = | 0.2256 £0.0010  0.97334 4+ 0.00023  0.041570001) | . (1.2)
0.00874+000026 (0407 4 0.0010  0.99913379-000041

under the assumption that only three generations exist.

The weak interaction was experimentally determined to not conserve parity; this is the
symmetry that physical laws are the same after an improper rotation (¥ — —7), which is a
conserved quantity under the strong and electromagnetic interactions. The operator for the
weak interaction was found to be (V' — A), which resulted in maximal parity violation since
this operator projects out the left-handed part of the wavefunction. (V' — A) is called the
SM prediction for the weak interaction since there is no experimental data to disfavour this
combination of operators.

The SM includes the Glashow Weinberg Salam (GWS) model of electroweak interactions,
which unifies the electromagnetic and weak interactions. At higher energies the interactions
have the same strength, and symmetry is only broken at lower energies. The GWS model
addresses maximal parity violation by making left-handed particles (right-handed antiparti-
cles) transform as doublets, and the right-handed particles (left-handed particles) as singlets,

so that in the first generation of fermions,

<u> ) <V6> 7uRadRa e}_{' (13)
d e~
L L

The symmetries of the theory are isospin (/) and hypercharge (Y); the latter is defined as
Y = @ — I3, where @) is the electric charge and I3 is the third component of weak isospin.
The left-handed leptons have I3 = :I:%, and the right-handed leptons have I = 0, so that for
the doublet Y = —%, and for the singlet Y = —1.

Although the SM includes the unification of the electromagnetic and weak interactions
through GWS theory, it does not unify the electroweak and strong interactions. This is the
subject of grand unified theories (GUTs). For more detail on the SM, the reader is referred

to Refs. [1, 3], which contain explanations that are accessible to the experimentalist.
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1.2 Spin and polarisation

Spin and polarisation are important concepts for the measurement in this thesis. The spin of
a lepton is an intrinsic property, such as its mass or charge. Spin has no classical analogue,
and the spin operator cannot be defined in terms of physical observables, in contrast to the
orbital angular momentum operator, which is (7" x p). However, the spin operators do obey
the same commutation relations as the orbital angular momentum, and therefore spin is
considered to be an “intrinsic angular momentum”, although nothing is actually “spinning”.

Spin is quantised, and the component along a direction can only take on the values hs;,
where s;, = —s,—s 4+ 1,...,s — 1, s and hs is the total spin. Muons are leptons, which are
spin-1/2, so that the spin in a direction can be :l:g‘.

A “spin vector” can be defined for a single particle, as the expectation of spin along each
axis. This is a useful concept since the spin vector can receive a torque in a magnetic field
that results in classical precession about the field direction. For an ensemble of particles
with spin, the “spin polarisation” can be introduced, which describes the degree to which the
spins are aligned in a particular direction. This gives a space direction about which to define
a probability distribution. In this thesis, the muon (spin) polarisation is denoted P,, and is
always defined with respect to the magnetic field at the point of decay, which is equivalent

to the z-axis in the experiment’s coordinate system.

1.3 Muon production

The muons in the experiment were sourced from pion decay. A high energy proton beam
incident on a stationary carbon target produced 7+, which then decayed with a branching
ratio of > 99.98%[2] into

™ — uty,. (1.4)

In the 7t rest frame, conservation of energy and momentum leads to a g™ momentum,

m2 — m2

g mu
= — =29.79MeV/c, 1.5
Py 2 / (1.5)
where the neutrino mass is assumed to be zero. The neutrino has negative helicity? (it is
“left-handed”), so that its polarisation and momentum vectors are opposite[4]. The 7T is

spin-0 and the v, and p* are spin—%; therefore conservation of angular momentum ensures

2The neutrino has negative chirality. Under the assumption of massless neutrinos, v = ¢ so that the
neutrino also has negative helicity.
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the muon also has negative helicity, as described in Fig. 1.1.

spin—1/2 spin—0 spin—1/2

Pp——
% Sv Su'\;

Figure 1.1: Neutrinos have their momentum (p) and spin (§) vectors in opposite directions
(they are “left-handed”). Conservation of angular momentum requires the muon to also be
left-handed. This is a reproduction of Fig. 1.4 from Ref. [5].

The muons from pion decay are 100% polarised, with the exception of the following

mechanisms:

e Finite neutrino mass reduces the neutrino’s helicity by a factor (1 — p/E). Even with
a conservative upper mass limit? of 0.19 MeV, this changes the muon’s polarisation by
just 2 x 107%, which is an order of magnitude below the experimental sensitivity*. Note

that cosmological data suggests the sum of the neutrino mass eigenstates is < 2.0eV|[2].

e The 7" has a radiative decay mode with branching ratio 0.02%,
™ = . (1.6)

In this mode, the muon’s longitudinal polarisation is a function of photon and muon
energies. The experiment selects a limited range of muon momenta, and the branching
ratio for this process is already at the 10~* level, so the loss of polarisation due to the

radiative decay mode is negligible.

3This is the 90% confidence limit from muon based neutrino mass measurements|2].
4For a finite neutrino mass, conservation of energy and momentum gives

m,2T + mlz, — mi
EFE, = — = =29.79211 MeV,
2my

py = VEZ—m2=29.79151 MeV,

so that (1 —3) =2 x 1075.
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e If the SM is incomplete, the weak interaction may allow for right handed neutrinos in
pion decay, which would force the muon to also be right handed. The possibility of
right handed muons is part of the physics motivation for measuring P7 ¢ at the level of
10~* (see Section 1.5.2).

There is also a pion decay mode with branching ratio 0.0123%, 7+ — e*v,, which is observable

by the experiment; see Section 2.2.5 for more details.

1.4 Muon decay

1.4.1 Decay modes

The discovery of the muon is described in Appendix B; it decays with lifetime 2.197 s into the
three modes listed in Table 1.2, with the most probable mode shown in Fig. 1.2. The positron
is emitted with a range of energies, up to a kinematic maximum of W, = (mi +m2)/2m, =

52.83 MeV, which provides an energy reference feature.

Table 1.2: Muon decay modes, from the Par-
ticle Data Group|[2].

Decay mode Fraction (I";/T")
pt —etvw, ~ 100%

pt — ety (1.4+£0.4)%

pt — etveter (3.44+0.4) x 107°

+ <
2 ~ +
~~ €
w+ >
Vo

Figure 1.2: Feynman diagram for the most probable muon decay mode, produced using
JaxoDraw|6].
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1.4.2 Matrix element

The theoretical form for muon decay and the parameters that describe it are regularly re-
viewed by the Particle Data Group (see “Muon Decay Parameters” of Ref. [2]); only a sum-
mary will be included here. For energies much less than my,, muon decay can be considered
a four-fermion point interaction. The most general, local®, Lorentz-invariant, derivative-free,
lepton-number-conserving matrix element M can be written in terms of helicity-preserving

amplitudes as

4Gy ] ]

M=""F 5 (Do [T Wb, [T 0V, 1.7

VE X SRl ) (1)
R]::SL,/{/},{T

where G is the Fermi coupling constant (1.17 x 107" MeV~?), i labels the electron and
muon chiralities, j labels the neutrino chiralities, g7 are complex amplitudes, and I'* are the
possible interactions (scalar-pseudoscalar (S), vector-axialvector (V), tensor (T)), which are
given by .
i
=1, V=9 TIT=—70c"=_—"F(
gl 7 5 \/5(7 g

The amplitudes gk and g7, are both zero, leaving 10 values of g7s, one of which is constrained

Y= 7""). (1.8)

by normalisation[8],

1
1 <‘91%R}2+‘95R‘2+}9§L‘2+}9€L}2> +}QER}2+}Q‘L/R}2 +‘ggL}2+‘g‘LfL‘2
+3 (|gfal" + okel") =1 (1.9)

Since these are complex amplitudes, there are 18 independent parameters to determine, in
addition to Gg. In the SM, where the weak vertex factor has the operator combination
(V — A), the amplitude g); = 1 and all others are zero®. g}, = 1 is chosen since there is no
experimental evidence to the contrary.

In practice, the measurements of gf; are derived from

e The muon lifetime to determine the Fermi coupling constant, G .

5The range of the W71 makes the interaction non-local, but this contributes a negligible deviation
O(mj, /miy, )[7].
6(V — A) corresponds to v, (1 —vs). Since 2(1 —~®) is the left handed chirality operator,

V(1 =35)[0) = yulvr) =TV |9r),

or g¥; = 1. Therefore (V — A) is the appropriate interaction when the matrix element is defined as a sum of
parity eigenstates, and V for a sum over chirality eigenstates, as in Eq. (1.7).
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e The energy and angle of the e from u* — e*v,v,, such as the experiment described

in this thesis.

e The longitudinal polarisation of the e* from u* — e*r,,. Note this measurement also

determines Gp.
e Inverse muon decay, v,e — [~ V., to place strict limits on the scalar terms.

The results from all these experiments are required to determine the (V' — A) nature of the
weak interaction; a global analysis is described in more detail in Ref. [7], where 11 parameters
from the above experiments are used to set confidence limits on gf. Table 1.3 has the results
from the last two global analyses, showing the impact of the TWIST experiment’s published

results for p and 9.

Table 1.3: 90% confidence limits on the weak coupling constants.
(Limits on |g?;| and |g};| are from Ref. [2]). This is based on
Table III from Ref. [7] and Table VI from Ref. [9].)

Prior to First TWIST Latest TWIST results
TWIST[10] p, ¢ publication[7] MacDonald '08]9]
lgnrl < 0.066 < 0.067 < 0.062
lghrl < 0.033 < 0.034 < 0.031
|95 5| < 0.125 < 0.088 < 0.074
91 Rl < 0.060 < 0.036 < 0.025
lgFs| < 0.036 < 0.025 < 0.021
g3, <0.424 <0417 < 0.412
gk < 0.110 < 0.104 < 0.104
g%, | < 0.122 < 0.104 < 0.103
lgir] < 0.550 < 0.550 < 0.550
lgy ] > (0.960 > 0.960 > 0.960
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1.4.3 Muon decay parameters

The muon decay parameters’, which describe the energy and angle of e from p™ — etv.v,,

are defined as

3 3 2 2 2 2

p = Z_ZHQKL‘ +|grrl” +2|9k|” +2]9Lg]
+Re (9pL9k; + 9irILR)): (1.10)
1 * * * * * *

n = ke [95r92E + 9L000m + 950 (908 + 6915) + 9 r(9h + 698:)],  (1.11)

1 1
¢ = 1= lotal =5 loial” —4lgkel” + 2|oTal” —2|gkal

+2|gTs|" — 8|ghL|” +4Re(g5 rglr — 95L95L), (1.12)
3 3 3 3 3 3
§o = 138 ‘QJ%RF 3 }QERF 3 ‘9%}%}2 2 }QELV 1 }g‘L/R‘z
3 3
-3 95" = 3|gTx|” + 1 Re(9LRILR — GRLIRL)- (1.13)

Under the SM where g = 0, except for gY; = 1, the muon decay parameters are p = £§ =
3/4, & =1 and n =0. The TWIST experiment fixes 7 to the result of a global analysis, and

then measures p, 0 and Py ¢ simultaneously.

1.4.4 Differential decay rate

The definitions in Egs. (1.10) to (1.13) allow a clean expression for the differential decay
rate. This is proportional to |M|?, and for a detector insensitive to the e’ polarisation is

given by

d°T

drdeosd k(x) {Frs(x) + P, cos 0Fa5(x)}, (1.14)

where z is the reduced energy (= E./W,,), 0 is the angle between the muon’s spin and mo-

mentum vectors, P, = |P,| (the degree of muon polarisation), k(z) is defined for convenience

m
k(z) = 4—7:))We4uG%\/x2—x3, (1.15)

m2 +m?
Wo = B = e (1.16)

2my,

as

"These are sometimes referred to as “Michel parameters”, after the late theoretical physicist Louis Michel,
although he only introduced the p parameter.
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and separate terms for the isotropic and anisotropic parts of the spectrum are defined,

Frs(z) = x(l—m)+gp (42 — 3z — a) + nao(l — ) + Ffi¥ (), (1.17)
Fus(z) = %f x? — 23 {1—93—#%5(495—34—<\/1—1:(2)—1))]
+FRC(2). (1.18)

The superscript “RC” refers to radiative corrections, which are described in the next section.

1.4.5 Theoretical spectrum and radiative corrections

The differential decay rate is shown in Fig. 1.3, where the muon decay parameters have
been set to their SM values. Radiative decays with internal and external lines are treated as
spectrum corrections. These have a significant effect close to x = 1, where the rate is changed
by up to 10%; the region x > 0.975 is not used to extract the muon decay parameters, partly
to lower the sensitivity to uncertainties in the radiative corrections. The analysis includes
the following levels of correction: full first order [O(«)][11], leading-logarithmic second or-
der [O(a?L?), where L = In(mZ,/m?) ~ 10.7][12], next-to-leading-logarithmic second order
[O(a®L)][13, 14], and leading-logarithmic third order [O(«L?)][14]. These publications cite
the TWIST experiment as significant motivation for their calculations; radiative corrections
for the total decay rate calculations have been in existence for longer to help with muon
lifetime measurements, but these are simpler since the electron mass can be neglected. The
current analysis does not include O(a?L%) corrections, which became available in 2007[15];
P7 ¢ was previously found to have a negligible sensitivity to the O(a?L°) corrections[16].

The radiative corrections assume the SM coupling for the weak interaction, (V — A).
If the muon decay parameters are found to be different from the SM values, the radiative
corrections will have to be recalculated using a more general form.

The change in spectrum change due to Pj¢ is shown in Fig. 1.4, where the relative
number of upstream and downstream counts are affected. The large cos 6 and higher energies
positrons have the most sensitivity to Py ¢. TWIST simultaneously extracts p, 0 and P ¢,
which must satisfy P,£6/p <1 to prevent an unphysical decay rate.

The TWIST experiment does not measure 7, which has most sensitivity to lower energy
et. n would have required ~ 2 months of dedicated running with a reduced magnetic field,

and careful validation of the hard scattering interactions (> 1 MeV) in the simulation®. Even

8The hard scattering is needed since a high energy positron may experience significant energy loss in the
target (a few MeV), and end up being reconstructed at a lower energy; if the simulation does not behave in

10
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arb. units

(a) % from Eq. 1.14. Radiative corrections are included.
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(b) Sections of Fig. 1.3(a), showing the effect of radiative corrections.

Figure 1.3: Differential decay rate for the e™ from u™ decay.

11
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with these two improvements, the statistical uncertainty would have been uncompetitive with
measurements derived from the e™ transverse polarisation, such as Ref. [17]. In practice,
TWIST fixed 7 to the latest global analysis value of n = (—3.6 6.9) x 1073[7], and included

the correlation with n as a systematic uncertainty.

4
ozaooz
Cog o '-0.4

'0'90 8

"21.0

Figure 1.4: Spectrum shape of Py {. An increase in P § corresponds to more counts upstream
relative to downstream.

The asymmetry of the spectrum can be constructed from

_ Np—Np

= —Z 1.19
Np + Np ( )

where Np is the number of forward counts and Np is the number of backward counts.
After integration over z, this quantity depends only on P7¢ and n, and for this reason
PT ¢ is sometimes called the integral asymmetry parameter; see Appendix C for a detailed

explanation.

the same way, this would result in an incorrect 77 measurement.

12
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1.5 Standard Model extensions

1.5.1 Right handed muons

Following the notation of Eq. (1.7), the total probability for a j—handed muon to decay into

an i—handed electron, @);;, can be defined as|8]

Q= okl + obal” (1.20)
Qun = 7 lofal” + ol +31oal” (1.21)
Qr = globul*+ okl +3]oFul”. (122
Que = loil + 1ol (123

The coefficients on g follow from the normalisation condition, Eq. (1.9). The total proba-

bility of a right-handed muon decaying into a left or right handed electron is then

Qr = Qrr+QLr
1 1
T4 l97R]" + 4 l92a” + |aval” + |akal” +3|atal
1

1. 16
= 3 (1 +38- 555) . (1.24)

where the final step used Egs. (1.12) and (1.13). Q% = 0 for the SM values of £ = 1 and
€6 = 3/4. The most precise experimental values are shown in Table 9.1, where the published

TWIST measurements of p, § and P § have constrained Q' by a factor of six.

Table 1.4:  Probability of a right-handed muon decaying into a
positron of any handedness.

Description Q%
Best result before TWIST[16]. 1.4%
Global analysis using first 0.31%
TWIST p, § results|7]. '
Global analysis using newest TWIST p, 4,

0.23%

and PT ¢=1.0003 + 0.00389).

13
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1.5.2 Left-right symmetric electroweak models

The electromagnetic and strong interactions conserve parity, yet the weak interaction has
maximal parity violation (V' — A currents). In left-right symmetric electroweak models (LRS
models), the SM is extended by introducing a (V' + A) current that couples right-handed
wavefunctions, restoring parity conservation; this corresponds to ghp # 0 in Eq. (1.7). The
(V + A) interaction is mediated by a new Wy that is much heavier than the Wy, and parity
violation is a result of the mass difference between the vector bosons.

In the minimal standard model of electroweak interactions the gauge group is SU(2), X
U(1). In LRS models, this is extended to SU(2); x SU(2)g x U(1), so that right-handed
fermions also transform as doublets. The distinct vector-boson fields for the (V' — A) and
(V + A) currents are then mediated by a W and Wg, which are related to mass eigenstates
Wy and Wy by

Wr = Wicos( + Wssin(,
Wr = “(=Wysin¢ + Wacos() (1.25)

where ( is a mixing angle, and w is a CP violating phase. The LRS models also introduce
two additional massive neutral gauge bosons. The left and right handed interactions have
separate coupling constants gg and gz, which correspond to gk and gy, in Eq. (1.7).

The relationship between the LRS parameters and muon decay parameters has been
established. Assuming that neutrinos are Dirac fermions (i.e. particle and anti-particle are

different), and there is no mixing in the leptonic sector, then P,, £, p have the relationships

P, o~ 1—2t5 —2¢7 — 4teCy cos(a + w), (1.26)
&~ 1-28+¢), (1.27)
3

14
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where

2 2

¢ = I (1.29)
grms
2 2 R
grM7 | Vud|

tp = B udl (1.30)
gims |V
gr

G = —C (1.31)
gr

a is a CP violating phase in the right-handed CKM matrix, and V,;"* are elements of the
left and right handed CKM matrices. Therefore P,§ and p allow limits to be set on the mass
ratio, ¢, and the mixing angle, (,. Note that if muons are sourced from K+ decays, then the
substitutions V& — VB and V& — VL must be made.

There are specific cases of LRS models that make further assumptions. In “manifest”
LRS models the right- and left-handed CKM matrices are assumed to be the same, gr = g,
and w = 0 so that ¢y = ¢ and a = 0. Equations (1.26) and(1.27) then reduce to

P&~ 1 — 42 —4¢% — 41, (1.32)

so that
1 2
(= 3 <—t £1-PE -3t ) . (1.33)

In pseudomanifest LRS models, w # 0, so that CP violation is still present, and
P&~ 1 — 4t — 4¢% — 4t cos(a + w). (1.34)

For a more detailed discussion of the LRS models, see Ref. [18].

Direct searches for an additional heavy gauge boson have been made at the Tevatron.
The most stringent lower mass limit is 1.00 TeV at 95% C.L., by the DO collaboration[19].
These experiments must assume a manifest LRS model, and are insensitive to (. The Particle
Data Group regularly reviews these searches|2].

The TWIST experiment’s most precise lower mass limits are my > 360 GeV/c? (90% C.L.,
manifest LRS) and g /grma > 325 GeV/c? (90% C.L. ,general LRS)[20]. The TWIST best
limit on the left-right mixing angle is |(,| < 0.022[9)].

15
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1.5.3 Supersymmetry

Supersymmetry is one proposed solution to the hierarchy problem, where the mass of the
Higgs boson (my) is much smaller than the Planck mass (1/hc/G ~ 1.2 x 10¥ GeV/c?),
despite the enormous one-loop corrections from every fermion that the Higgs couples to[21].
A supersymmetric boson partner is introduced for each fermion, and the boson one-loop
correction then exactly cancels the fermion one-loop correction. Similarly, a supersymmetric
fermion partner is introduced for each boson. The new particles required in the minimal
supersymmetric standard model (MSSM) are summarised in Ref. [21]. Supersymmetry is
a broken symmetry, since the partners are not observed at the same energy as the original
particle, and must have much larger masses[1].

The contribution of the MSSM to muon decay has been evaluted using one loop box
diagrams[22]. In the most optimistic case, the weak coupling constant g3, is expected to have
sensitivity at the 0.1% level, which is two orders of magnitude below the current experimental
limit of 6% (Table 1.3). The determination of the muon lifetime (which includes 7) is expected

to be more sensitive.

1.6 Muon depolarisation mechanisms

In order to measure Pj¢, where P7 is the polarisation at the time of muon production, all
sources of depolarisation must be accurately known. This section will describe processes that
can change P, during the muon’s transport through a magnetic field and after thermalisation

in a metal foil.

1.6.1 Depolarisation in a magnetic field

Non-relativistically, the propagation of a spin vector is governed by the equation

Z—f = %% <§>< é) ) (1.35)

where ¢ is the Landé g factor, which is measured as g = 2.00234[2]. The motion of a particle

in a magnetic field is given non-relativistically as

CCZZ_QZ = % <17>< é) . (1.36)

16
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Equations (1.35) and (1.36) have precession frequencies w, = e/m and w, = eg/2m that

differ by
— W, —9
YW 9% 117 % 1078, (1.37)
wp 2

which demonstrates that if the momentum and spin vectors start anti-parallel, they will
remain anti-parallel to a high degree while passing through a magnetic field.

The relativistic treatment of spin in electromagnetic fields can be found in Jackson[23],
and only a summary will be presented here. The propagation is governed by the BMT
(Bargmann, Michel, Telegdi) equation|24],

2 2

dr me

dS“ e g . 1 /g o
- [—F "o+ 5 (— . 1) U (SAF*“UH)} , (1.38)

where S® is the particle’s spin 4-vector, 7 is the proper time, F*? is the electromagnetic field
and U® is the 4-velocity. Jackson manipulates this expression into the Thomas equation,
B (2 e B (L) L@ mi- (- 2 )axE, am
dt  mc 2 vy 2 v+1 2 ~v+1
which is the form used to simulate the spin in Section 5.7. There are theoretical limitations to
Eq. (1.38), since it is derived for spatially homogeneous electromagnetic fields, and can only
be used in inhomogeneous situations when the field gradients are “sufficiently small and the
relevant effects are of first order in the spin variable”[25]. Pierre Depommier determined that
such inhomogeneous effects are completely negligible (~ 107'2) for TWIST[26]. In addition,

quantum mechanical contributions are negligible since the magnetic field does not change on

a distance scale comparable to the de Broglie and Compton wavelengths of the muon.

1.6.2 Depolarisation while slowing down

When a muon encounters material, there is an electric field between the nucleus and atomic
electrons, which is Lorentz transformed to a magnetic field in the muon’s rest frame. This
magnetic field rotates the polarisation vector, and for muons with momentum 29.6 MeV /c
that entirely slow down in aluminium, the resulting depolarisation is ~ 4x 107, (negligible)[27].

Inside material the muon is multiple scattered, which changes the momentum vector but
not the polarisation vector. This changes their relative orientation, but is not a depolarisation
for TWIST, since the polarisation is unchanged relative to a fixed axis.

As the muon velocity becomes comparable to the atomic electron velocity, the time be-

tween collisions is reduced, and electron capture and subsequent electron loss can repeatedly
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take place. The muon forms Muonium (u*e™)°, which is a hydrogen-like state that de-
polarises due to the hyperfine interaction between the muon and electron spins (there is a
transfer of the muon’s spin to the electron)[29]. This only becomes important at a few keV,
and does not occur in metals since the conduction electron concentration effectively screens
the muon from interactions with individual electrons[30]. The experiment carefully selects
muons that stop inside a metal target, so that depolarisation from Muonium formation is
not a concern.

Finally, there is depolarisation due to muon-electron scattering. This has been calculated
for 29.6 MeV /c muons[30, 31|, and is at the level of 1 x 107° (negligible).

1.6.3 Depolarisation after thermalisation

Muons were stopped in aluminium and silver foils of purity > 99.999%, immersed in a 2.0 T
longitudinal magnetic field. After motional thermalisation, the muons can be depolarised by
nuclear dipole moments, conduction electrons, and paramagnetic impurities. The form of
the resulting depolarisation has been studied by the condensed matter community using the
ptSR technique[32]. However, depolarisation under the TWIST conditions (strong longitu-
dinal field, high purity metal, room temperature) is challenging to measure since it’s often
considered to be negligible.

The behaviour of the muon after motional thermalisation and the available depolarisation

mechanisms will now be described in more detail.

Muon motion

The muon is positively charged, limiting its instantaneous position to interstitial sites (i.e.
between nuclei), or substitutional sites, (i.e. “vacancies”, where a nucleus is absent from the
lattice). When nearly thermalised, the muons acquire electrons to lower their energy, at-
tracting a screening charge of conduction electrons[33]. After motional thermalisation, room
temperature ensures the muons are not stationary, and instead “hop” between energetically
allowed sites before decaying. The conduction electrons in aluminium and silver efficiently
screen the ionic potentials, allowing for high mobility[34], even over macroscopic distances
of < 1pm(35]. An individual muon can therefore sample a significant amount of the target

before decaying.

9The “onium” suffix is usually reserved for bound states of a particle and its antiparticle, such as positro-
nium, pionium and quarkonium. Therefore the assignment of “muonium” to the state uTe™ is not strictly
correct, and means that the bound state u™ ™ is referred to as the “bound muon-antimuon state”. After
more than two decades of widespread usage, the name “muonium” for ptTe~ was eventually recommended
by the International Union of Pure and Applied Chemistry (IUPAC)[28] in 2001.
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Defects can form in the manufacturing process, such as when an aluminium sheet is
cold-rolled to produce a thin foil, and this can limit the muon mobility with a strong sample
dependence[35]. Defects can be removed by annealing, where the metal is maintained close to
melting point for several hours and then slowly cooled. Defects can be enhanced by quench-
ing, where the sample is rapidly cooled. Samples of 99.9995% pure aluminium that were
annealed and quenched have been compared over a temperature range of 19 K to 900 K[36],
and most defects were found to be absent after allowing the quenched sample to reach room
temperature. The TWIST targets were supposed to be annealed by the manufacturer.

Thermalisation of the muon can result in lattice defects. The muon imparts recoil energy
to the lattice on a time scale 107! s, and the lattice distributes energy to neighbouring atoms
in about ~ 107'25[37]. The nucleus can be knocked out of its lattice position and into an
interstitial site, leaving a vacancy (a “Frenkel pair”). These vacancies are unstable, and are
eliminated in ~ 107 s[37]. In other words, the lattice damage due to the muon is healed
after tens of picoseconds, and in general radiation damage is hard to induce in metals[3§]
Reference [37] confirms that aluminium undergoes complete recovery from radiation damage
for a temperature range 200K < 7" < 300K. In addition, the location of thermalisation
is expected to be of order 1 um from the last defect introduced[33]. Brice[39] carried out
calculations that included aluminium, finding the separation is “several thousand Angstroms
... Thus, vacancies produced by the implantation will have no significant effect on the room

temperature muon diffusion rate over its lifetime”.

Nuclear dipole moments

The evidence for rapid diffusion in metals comes from measurements of the nuclear dipole
moments. Magnetic fields from the nuclei and lattice impurities can be modelled as static,
isotropic and Gaussian[40] (the “Van Vleck limit”), and for diffusing particles the depolari-
sation is then given by[41],

P(t) = P(0) exp {—QV—A; lexp(—vt) — 1+ Vt]}, (1.40)

where A /v, is the variance of the field distribution'® and 1/v is the mean time between a hop.

If an external field By is now applied in a direction transverse to the muon polarisation,

10Tn the Van Vleck limit, the field distribution is modelled by D(Biocal) ~ exp [— 212‘2;;:1“} , so that A/~, is

the variance.
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the muon spins precess and are depolarised according to the Abragam formula'!,

A2
P(t) = P(0) exp {——2 lexp(—vt) — 1+ Vt]} cos (wyt), (1.41)
v
where w, = 7v,Bex. In the motional narrowing limit, the muons move quickly so that

v is large, exp (—vt) — 0, and the envelope of Eq. (1.41) limits to an exponential time
dependence. In the static limit, the envelope limits to a Gaussian time dependence. If a

longitudinal field By is applied instead, the relaxation rate becomes[43],

247 1 A242
P(t) = 1—=—-[1—exp(—2A%?) coswot]
“o
20 [ 1
+— [ exp <——A272) sin wyrdr, (1.42)
wy Jo 2

where wy = 7, By, and the longitudinal field is seen to suppresses the depolarisation due to
nuclear dipole moments. The largest observed field on a muon in a crystal cell is A/v, =
4.7 G[41], and the field at the metal target in TWIST is longitudinal with By = (20 x 10%) G,
so that (2A%/w?) < 1077. Depolarisation by nuclear dipole moments is therefore negligible
for TWIST.

1SR experiments have measured depolarisation in aluminium and silver due to nuclear
dipole moments, using a transverse magnetic field arrangement. There are more studies on
aluminium since its nuclear dipole moment is about 35 times larger than silver. Even with its
large dipole moment, high purity aluminium leads to almost negligible depolarisation down
to 1 K[44, 45, 46, 47, 48]. As a result, experimenters have to dope the sample with impurities
to actually measure depolarisation[33, 49, 50].

There is a contradictory measurement in Ref. [51], which uses 99.99% pure aluminium and
silver targets in a transverse field arrangment at room temperature, and observe a Gaussian
form for the depolarisation. Their sample was a foil, which may have defects originating from
the cold-rolling during manufacture. Note that a later publication by the same group used a

longitudinal field, and finds no clear evidence of depolarisation, as expected from Eq. (1.42).

Korringa relaxation

A hyperfine contact interaction between the muon spin and the conduction electron spin can

lead to a depolarisation. The theory for such an interaction was originally treated in the

1See p439 of Ref. [42]. Note this is also called the Anderson form, and the Kubo-Tomita form.
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context of NMR'? by Korringa[52], and is therefore named “Korringa relaxation”. A modern
derivation in the context of muons has been carried out[53]. The muon attracts electrons
which enhance the local spin density. Paraphrasing the descriptions in Refs. [53, 54], the
conduction electrons then hop on and off the muon, making the net hyperfine coupling
experienced an average of the electron spin orientations. A simultaneous flip of the electron
and muon spins can take place, with the energy provided by a change in the electron’s kinetic
energy[42]. The participating electrons are within k7" of the Fermi surface, from which Ref.
[53] derives, A o« T. The signature of the Korringa relaxation is an increase in rate with
temperature, and an insensitivity of rate to applied magnetic field.

Conduction electron depolarisation is often considered “unobservably slow” [53]. Reference
[55] was surprised to find measurable longitudinal depolarisation in several non-magnetic
metals (lead, cadmium, zinc, copper); unfortunately they did not examine aluminium and
silver. They found the relaxation rate increased with temperature, and was robust to field

changes in the range 0.010 T to 0.200 T, which is evidence of Korringa relaxation.

Impurities

Ths aluminium stopping target was purchased from Goodfellow, who gave the typical impu-
rities as Cu 0.3 ppm!3, Fe 0.3 ppm, Mg 1.2 ppm, and Si 0.8 ppm. The silver stopping target
was purchased from ESPI, who gave the typical impurities as Fe 2 ppm, Bi < 2 ppm, Cu
0.6 ppm, and Pd 0.6 ppm. The impurities take the place of an aluminium or silver nucleus,
and can only trap muons below temperatures of ~ 20 K[48]. The non-paramagnetic ions can
depolarise muons due to their nuclear dipole moments, using the arguments from Section
1.6.3. Paramagnetic ions (Fe in this case) are a concern since they can depolarise due to
their electronic dipole moment, which is much larger than the nuclear dipole moment[56],
producing fields as large as 1 kG at a distance of one lattice spacing[5]. The depolarisation

form in this case is exponential[42, 56].

12In NMR spectroscopy, a substance is immersed in a static magnetic field and then exposed to electro-
magnetic (EM) radiation. For the nuclei in the substance that have intrinsic magnetic moments (those with
an odd number of protons or neutrons), the static magnetic field creates an energy difference between the
spin states. The frequency of the EM radiation is swept, and peak absorption will occur (“resonance”) when
the energy of the photons matches the energy difference between the spin states.

Bppm = parts per million. A concentration of 1 ppm corresponds to one impurity for every 100 crystal
cells.
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Summary

Relaxation due to nuclear dipole moments, whether they come from the metal nuclei or
non-paramagnetic impurities, is heavily suppressed by the presence of a longitudinal field.
Even if there were contributions from nuclear dipole moments, the muons are expected to be
in rapid motion, for which the appropriate form is exponential. Later it will be shown the
measured relaxation rates for silver and aluminium differ by a factor of two, yet the nuclear
dipole moments differ by a factor of 35, providing further evidence that the depolarisation
is not from nuclear dipole moments. Paramagnetic impurities would also cause exponential
relaxation. The TWIST samples are annealed, which makes trapping at defects unlikely.
Even if muons did trap at defects or vacancies, the longitudinal field holds their spin against
depolarisation by nuclear dipole moments. The most likely cause of depolarisation is Korringa

relaxation, which has been observed in other metals, and has an exponential form.

1.7 Previous P]{ measurements

In 1956, Lee and Yang observed that parity is conserved in strong and weak interactions, but
in weak interactions “is so far only an extrapolated hypothesis unsupported by experimental
evidence” [57]. They suggested several experiments to investigate parity conservation in the
weak interaction, including the asymmetry of muon decay.

The angular distribution of decay positrons will generally follow a distribution (1+4a cos @).
Forn =0, a = Pff /3, where £ is the intrinsic asymmetry parameter, and Pf is the
polarisation of the muon at the moment of decay. The polarisation at the time of muon
production can only be inferred if all sources of depolarisation are evaluated. a = 0 implies
that parity is conserved, and P,{ = £1 implies maximal violation of parity.

Two classes of asymmetry measurements will now be described: Pj¢ and Pff , where
muons are sourced from pion and kaon decay respectively. The results are interpreted dif-
ferently in the context of LRS models (see Egs. (1.26) to (1.31) and surrounding text). In
addition, 7 decay experiments have confirmed PJ¢ is consistent with 1.0 using the modes
7+ — ptvo and 7t — efvp, but these measurements had uncertainties greater than
10%[58, 59, 60]; 7 decay experiments are more useful as a check on lepton universality,

rather than a precision asymmetry measurement.
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1.7.1 Measurements of PJ¢

A year after Lee and Yang’s publication, positive muons from pion decay were stopped in
carbon, and the angular distribution of decay positrons was found to follow (1+ acos@), and
“a = —5 with an estimated error of 10%”[61]. Assuming no depolarisation took place while
slowing down, stopping, and during the 1 ys the muon spent in the carbon target, this result
suggested P,§ = 1.0 & 0.1, which was consistent with maximal parity violation.

Over the next three years (1957 to 1960) many similar experiments took place[62]. A
popular technique was to stop a beam of pions in nuclear emulsion'#; this had the advantage
of delivering muons with full polarisation, but the disadvantages of low statistics and poorly
determined depolaristion within the emulsion itself due to Muonium formation. This depo-
larisation was found to depend on the applied magnetic field, yielding values of P,{ in the
range 0.33+0.03 (zero field) to 0.97+0.06 (2.7 T)[63]; see Ref. [62] for the intermediate field
results.

The other techniques used muon beams that were stopped in a variety of targets. There
were challenges in producing a muon beam with high polarisation; in early attempts, a
production target was placed within the cyclotron, but this produced a muon beam with
poorly determined polarisation. Later the technique of surface muon beams was developed,
which is described later in Section 2.2.2. The Bardon, Berley and Lederman experiment|[64]
instead used a 7" beam that decayed in flight, to produce a highly transverse polarised
pu beam at the jacobian angle. The p* were stopped in a bromoform target, which had
small but unknown depolarising effects; in consequence, the experiment’s result was a lower
limit. Depolarisation from magnetic fields was eliminated by using Helmholtz coils to cancel
the cyclotron’s field. Decay positrons were detected with opposing counters. A solenoid
surrounding the target rotated the muon spin £90°, allowing the e* distribution to be turned
around in one hour cycles. The experiment found || > 0.97 £ 0.05.

Muons were also stopped in liquid hydrogen, in bubble chamber experiments. The par-
ticles leave ionisation tracks that are curved by a magnetic field to determine momentum.
The most accurate experiment was carried out by Plano, who measured P,&, 6 and p, and
found |¢| = 0.94 £ 0.07[65].

There was apparently no improvement in direct measurements until 1967, when a nu-
clear emulsion experiment determined P,§ = 0.975 £ 0.015, which is 1.7¢ from the (V-A)
prediction[66]. The depolarisation within the emulsion may have been underestimated[62, 67].

Prior to the TWIST experiment, Beltrami had the most precise direct measurement

14 A photographic plate is exposed to particles and later developed. The emulsion is predominantly silver
promide by weight, but by number of atoms, it’s 25% silver bromide, 75% gelatin[62].
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of PTE[67]. A 150MeV/c n* beam decayed in flight, and a transversely polarised muon
beam was extracted close to the jacobian angle; this is the same approach taken by Bardon
experiment[64] described above. The muons were moderated by aluminium and stopped
in a Beryllium (Be) target. The putSR technique was then used to measure the decay e™
asymmetry, with the muon spins precessed by a 3mT field. A pure exponential depolarisation
form for P,(t) was assumed in the Be. The experiment did not measure the decay e*
momentum, so there was no magnetic field requirement, and hence no associated systematic
uncertainty. The contribution from muons stopping in a trigger scintillator immediately
before the Be target was measured by removing the target, and found to be negligible (2x 1073
per event). The final result was 1.0027 £ 0.0079 (stat.) £ 0.0030 (syst.).

The most precise direct measurement is P7 ¢ = 1.0003 4 0.0006 (stat.) 4= 0.0038 (syst.),
published by the TWIST experiment in 2006[5, 20]. The leading term in the systematic
uncertainty was 33 x 107%, due to limitations in the reproducibility of the muon beam’s
initial position and angle; the current thesis aims to reduce this uncertainty by improving
the knowledge of the muon beam and solenoidal magnetic field through which the beam
passes.

Figure 1.5 summarises the direct measurements that have been described so far. All are
seen to be consistent with P, = 1. Additional indirect measurements are possible, using
the result P,£6/p > 0.99682 (90% confidence)[30, 31]; in this experiment the region of the
spectrum with z > 0.97 was measured, using the same beam line as the TWIST experiment.
Muons were stopped in several targets, including silver and aluminium with the same purity
as TWIST. The confidence interval can be combined with the latest p and § measurements
to determine 0.99524 < P7¢ < ¢ < 1.00091 (90% confidence)[9].

1.7.2 Measurements of Pff

The first measurement of Pff with an uncertainty below 10% is described in Refs. [68,
70]. (There were three prior experiments that were consistent with Pf £ = 1, but with
uncertainties > 10%[71, 72, 73].) A 236 MeV/c muon beam was sourced from stationary
K™ decays via the mode K+ — p*v. The put were degraded by carbon, and stopped in a
99.99% aluminium target. The muon trajectory immediately before the target was measured
using a pair of orthogonal multiwire proportional chambers (MWPCs), which established
the muon spin, and the decay positrons were measured with a different pair of MWPCs.
A transverse magnetic field was applied to precess the muon spin, and the asymmetry’s
dependence on time was fit to determine P¢ = 0.970 £ 0.047 (stat.) 4 0.005 (syst.), under

the assumption of no depolarisation while slowing down, and within the aluminium target;
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Figure 1.5: Previous direct measurements of P,{ with uncertainties less than 10%. The
statistical and systematic uncertainties have been added in quadrature. Measurements are
from Refs [20, 61, 63, 64, 65, 66, 67, 68, 69].

these are safe assumptions at the few percent level of precision. The measurement was limited
by statistical uncertainty.

A more precise measurement using a similar technique is described in Ref. [69]. The muon
source was the same, but with higher flux, and the muons were again degraded by carbon and
stopped in high purity aluminium (> 99.999% in this case). The incident muon was measured
more carefully to determine its spin, using four z and y layers of drift chambers before the
carbon degrader, and two MWPCs after the degrader and before the aluminium stopping
target. The decay positrons were measured using two arms, each with four horizontal and
four vertical drift chambers. A transverse magnetic field precessed the muon’s spin. The
polarisation was allowed to relax in the aluminium target, but the form for P,(¢) was not
stated. The final result was Pff = 1.0013 £0.0030 (stat.) £ 0.0053 (syst.), where the leading
systematic uncertainty was from a correction due to knock-on electron production in the

stopping target.
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History of the muon

In 1935, Yukawa postulated the existence of a new field to explain the binding between
nucleons[102], with the force mediated by a heavy quantum. The electromagnetic field was
already known to mediate force with its own light quantum, namely the photon. Yukawa
predicted the nuclear force quantum would have unit charge, mass “2 x 10? times as large as
the electron”, and substantial interactions with matter. The new field would be very strong,
but only over a small range due to the quantum’s mass.

In 1936, Anderson and Neddermeyer published cloud chamber observations of cosmic
rays[103], and noted “About one percent of the exposures ... reveal the presence of strongly
ionizing particles which in most cases seem to be protons ... and usually arise from a type
of nuclear disintegration not heretofore observed.” In the years following this publication,
the authors and other independent experimenters published new results on these particles,
with the mass “ranging from 120 to about 400 electron masses” [104], “about 240 electron-
masses” [104] and eventually “in the neighbourhood of 200 electron masses”[105]. Many
people believed that Yukawa’s postulated particle had been discovered.

World War II interrupted pure physics research. Shortly after the war, physicists were
keen to understand the muon better, and identify whether it was really the Yukawa particle.
The particle appeared to have the correct charge and mass, but Yukawa had predicted a par-
ticle that interacted strongly with matter, with “its flight halting abruptly the very moment
it passed an atomic nucleus”[106]. In 1946, Conversi, Pancini and Piccioni demonstrated
that positive and negative muons stopping in graphite produced a similar number of decay
electrons[107], in contrast to the theoretical prediction that negative muons should produce
far less decay electrons due to nuclear capture. Fermi, Teller and Weisskopf subsequently con-
cluded “the interaction of mesotrons with nucleons according to the conventional schemes is
many orders of magnitude weaker than usually assumed” [108]. The muon no longer appeared
to be the Yukawa particle.

The issue was resolved when Powell’s collaboration discovered the real Yukawa particle,
the pion[109, 110]. They observed “two types of mesons exist, of different mass, which we
refer to as m— and p— mesons” [110]. The pion was short lived and therefore had been harder

to detect. The discovery of the pion meant the muon was not predicted at all, leading the
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theorist I.I. Rabi to famously exclaim ”Who ordered that?”[57]. The mass of the muon is now
determined as 105.7MeV (211 electron masses), and the charged pions have mass 139.6MeV
(280 electron masses). The true carriers of the strong force are also identified as gluons, not
the pion.

Detailed accounts of the muon’s history can be found in Refs. [3, 106, 111, 112]. The

very early history is well summarised in Ref. [105].
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Asymmetry

This section is a summary of private communication between the author and C. Gagliardi
(Texas A&M University).
The term “asymmetry” and its connection to Py ¢ must be carefully defined. In general

the asymmetry, A, is given by
 Np—Np

N Npg + Np’

where N is the number of forward counts and Np is the number of backward counts. For

(C.1)

a detector with angular fiducial (@ < cosf < b) in the forward (upstream) direction, and a
symmetric fiducial of [(—b) < cosf < (—a)] in the backward (downstream) direction, Egs.
(1.14)-(1.18) predict the number of forward and backward counts as

b dT
NF(.T) = /a (m) dcost

_ M@{ﬂﬂ@@—ay+;w—aﬂaﬁw@ﬂ, (C.2)
Np(x) = k(x) |:F[5(.T)(b —a)— %(62 - a2)PMFAS(x)] : (C.3)

Np(z) and Np(z) both separately depend on all four muon decay parameters, and could be
fit separately to extract results. However, in practice the increased correlations make this
undesirable. Neglecting radiative corrections, the rate for the total number of counts at each

x (“sum”) and the rate for the forward-backward difference (“diff”) can be evaluated as

sum = Np+ Np=2k(z)(b—a)Fis
= 2ko(b—a)y/x? — 2% x

[(Cp— 1) + (1 — Zp — nzo)x + (nmo — 2pa)] (C.4)
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and

dif = Np— Np=(V*— a®)k(x)P,Fas
= 2ko(b® — a®) [P,€] (2 — ) x

(E ) R

Therefore a fit of “sum” against x can determine p and 7, and a fit of “diff” against x can
determine 0. The quantity “diff” is equal to PJ ¢ multiplied by a rate, meaning that a large
PT¢ and a small total number of events looks the same, and vice-versa. As a result, it’s
impossible to extract P7 ¢ from the difference alone.

Now consider the asymmetry, defined in Eq. (C.1) as “sum” divided by “diff”. Again

neglecting radiative corrections, this expression becomes

A = %(@"‘b)Pu];v—f
I
%M[l—x%—%&(@c—?ﬁ-(m_l))]

z(1— ) + 2p(42® — 3z — 23) + nao(1 — 2)

The asymmetry at a particular momentum (z) depends on all four of the Michel parameters,
except at x = 0.75, where there is no sensitivity to 0 and p. The p and § dependences are
very similar, and in the limit xqg — 0, the x-dependence of each parameter’s coefficients is
(42 — 3z). This had implications for the pre-TWIST ¢ result[113], which had to assume a
value of p to extract § from the asymmetry. Also in the limit z — 1 (“the endpoint”), the
asymmetry is proportional to P,£5/p.

Integrating the asymmetry, with terms of order 23 neglected, Eq. (C.2) becomes

Np(z) = ko(b—a)z {z(1 —z) + 2p(42® — 3z) + nao(l — x)
+3(b+a)sPiéx [l —a+ 3264z —3)]}, (C.6)

which shows the coefficients on p and § are (4x® — 3z?), and these integrate to 0 for a range
of 0 < o < 1. Therefore the integral asymmetry, (Ngp — Ng)/(Nr + Ng), depends on & and
n only. If only a partial = range is integrated, then the asymemtry depends on all four muon

decay parameters.
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